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APPLICATIONS OF A COMPLETENESS LEMMA
IN MINIMAL SURFACE THEORY
TO VARIOUS CLASSES OF SURFACES
M. UMEHARA AND K. YAMADA
Abstract. We give several applications of a lemma on completeness used by
Osserman to show the meromorphicity of Weierstrass data for complete mini-
mal surfaces with finite total curvature. Completeness and weak completeness
are defined for several classes of surfaces which admit singular points. The
completeness lemma is a useful machinery for the study of completeness in
these classes of surfaces. In particular, we show that a constant mean curva-
ture one (i.e. CMC-1) surface in de Sitter 3-space is complete if and only if it is
weakly complete, the singular set is compact and all the ends are conformally
equivalent to a punctured disk.
Introduction
Firstly, we recall the following lemma given in MacLane [10] and Osserman [17]
to show properties of complete minimal surfaces. We set
∆ := {z ∈ C ; |z| < 1}, and ∆∗ := ∆ \ {0}.
Completeness Lemma ([10, 17], [18, Lemma 9.6]). Let ω(z) be a holomorphic 1-
form on ∆∗. Suppose that the integral
∫
γ
|ω| diverges to ∞ for all paths γ : [0, 1)→
∆∗ accumulating at the origin z = 0. Then ω(z) has at most a pole at the origin.
This lemma plays a crucial role in showing the meromorphicity of Weierstrass
data for complete minimal surfaces with finite total curvature. We show in the first
section that it is also useful for showing several types of completeness of surfaces
which may admit singularities.
In Section 2, we give a further application: Let S31(⊂ R41) be the de Sitter
3-space with metric induced from the Lorentz-Minkowski 4-space R41, which is a
simply-connected 3-dimensional complete Lorentzian manifold with constant sec-
tional curvature 1. We consider the projection
pL : SL(2,C) −→ S31 = SL(2,C)/SU(1, 1).
A holomorphic map F : Σ2 → SL(2,C) defined on a Riemann surface Σ2 is called
null if det(dF/dz) vanishes identically on Σ2, where z is an arbitrary complex
coordinate on Σ2. For a null holomorphic immersion F : Σ2 → SL(2,C),
f := pL ◦ F : Σ2 −→ S31
gives a spacelike CMC-1 (i.e. constant mean curvature one) surface with singulari-
ties, called a CMC-1 face. Conversely, a CMC-1 face f : Σ2 → SL(2,C) is obtained
as f = pL ◦F , where F : Σ˜2 → SL(2,C) is a null holomorphic immersion defined on
the universal cover Σ˜2 of Σ2 (see [1] and [2] for details). The pull-back metric ds2#
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of the canonical Hermitian metric of SL(2,C) by the map F−1 of taking inverse
matrices gives a single-valued positive definite metric on Σ2 (see [2, Remark 1.11]).
That is,
(1) ds2# := trace(α#)
t(α#) =
(
1 + |G|2)2 ∣∣∣∣ QdG
∣∣∣∣2 (α# := (F−1)−1d(F−1)),
where G and Q are the hyperbolic Gauss map and the Hopf differential, respectively
(cf. [2, (1.17)]), and t( ) denotes the transposition. A CMC-1 face f : Σ2 −→ S31 is
called weakly complete if ds2# is complete.
On the other hand, we define another completeness as follows: Let (N3, g) be a
Riemannian or a Lorentzian manifold in general.
Definition 1. We say a C∞-map f : Σ2 → N3 is complete if there exists a sym-
metric covariant tensor T on Σ2 with compact support such that ds2 + T gives a
complete Riemannian metric on Σ2, where ds2 is the pull-back of the metric g on
N3, called the first fundamental form.
If f is complete and the singular set is non-empty, then the singular set must be
compact, by definition. If f is a CMC-1 face, completeness implies weak complete-
ness (cf. [2, Proposition 1.1]). This new definition of completeness is a generalization
of the classical one, namely, if f has no singular points, then completeness coincides
with the classical notion of completeness in Riemannian geometry. For complete
CMC-1 faces, we have an analogue of the Osserman inequality for minimal sur-
faces in R3 (cf. [2, Theorem 0.2]). The goal of this paper is to prove the following
assertion:
Theorem. A CMC-1 face in S31 is complete if and only if it is weakly complete,
the singular set is compact and every end is conformally equivalent to a punctured
disk.
The ‘only if’ part has been proved in [2]. The proof of the ‘if’ part in this theorem
is given in Section 2.
In this paper, we shall discuss the relationships between completeness and weak
completeness on various classes of surfaces with singularities as applications of the
completeness lemma. The above theorem is the deepest result amongst them.
1. Applications of the completeness lemma
In this section, we shall give several new applications of the completeness lemma,
which show the importance of this kind of assertion (see Question in Remark 5).
Let (N3, g) be a Riemannian 3-manifold. It is well-known that the unit tangent
bundle T1N
3 of N3 has a canonical contact structure. A map L : Σ2 → T1N3
defined on a 2-manifold Σ2 is called a Legendrian immersion if and only if L is an
isotropic immersion. Then a map f : Σ2 → N3 is called a wave front or a front
if there exists a Legendrian immersion Lf : Σ
2 → T1N3 that is a lift of f . The
pull-back metric
(2) dτ2 := L∗f g˜
of the canonical metric g˜ of T1N
3 coincides with the sum of the first fundamental
form and the third fundamental form of f if (N3, g) is a space form. Then f is
called weakly complete if L∗f g˜ is a complete Riemannian metric on Σ
2. It should
be remarked that the completeness (in the sense of Melko and Sterling [14]) of
surfaces of constant Gaussian curvature −1 in R3 coincides with our notion of weak
completeness of wave fronts. The differential geometry of wave fronts is discussed
in [19].
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Remark 2. This weak completeness is different from that for CMC-1 faces as in
the introduction. Moreover, weak completeness for improper affine spheres given in
Remark 4 of this section is also somewhat different from that for fronts and CMC-1
faces. The authors do not yet know of a unified treatment of weak completeness. In
fact, there might be several possibilities for completeness of a given class of surfaces
with singularities.
Definition 1 defines completeness for wave fronts. By definition, completeness
implies weak completeness. These two notions of completeness were defined for
flat fronts (i.e. wave fronts whose first fundamental form has vanishing Gaussian
curvature on their regular sets) in the hyperbolic 3-space H3, the Euclidean 3-
space R3, and the 3-sphere S3, respectively (cf. [8], [15] and [6]). In particular,
fundamental properties of flat surfaces in H3 were given in Ga´lvez, Mart´ınez and
Mila´n [3]. Later, further properties for such surfaces as wave fronts were given in
[7] and [8].
Let Σ2 be a 2-manifold and f : Σ2 → H3 a flat front. In this case, there is another
lifting of f (different from Lf ) as follows: the map f induces a canonical complex
structure on Σ2, and there exists a holomorphic immersion F : Σ˜2 → SL(2,C) such
that f = pi ◦ F holds and F−1dF is off-diagonal, where
pi : SL(2,C) −→ H3 = SL(2,C)/SU(2)
is the canonical projection. Remarkably, the weak completeness of f is equivalent
to the completeness of the pull-back metric of the canonical Hermitian metric of
SL(2,C) by F (see [7]). For complete flat fronts in H3, we have an analogue of
the Osserman inequality for complete minimal surfaces (see [7] for details). The
caustic (i.e. focal surface) of a complete flat front f : Σ2 → H3 is weakly complete
(by taking a double cover of Σ2 if necessary). The asymptotic behavior of weakly
complete (but not complete) flat fronts in H3 was analyzed in [9].
Proposition. A flat front in H3 is complete if and only if it is weakly complete,
and the singular set is compact and each end of the front is conformally equivalent
to a punctured disk.
It should be remarked that another characterization of completeness of f using
the total curvature of dτ2 is given in [8, Theorem 3.3].
Proof. The ‘only if’ part has been proved in [8, Theorem 3.3], since completeness
at each end implies that the end is conformally equivalent to a punctured disk. So
we shall prove the converse. We use the same notations as in [8]. Let f : ∆∗ → H3
be a flat immersion which is weakly complete at z = 0. Then, the metric dτ2 given
in (2) is written as dτ2 = |ω|2 + |θ|2, where ω and θ are the canonical forms as
in [8, (2.4) and (2.7)]. Since f is weakly complete at z = 0, the length L(γ) with
respect to the metric dτ2 = |ω|2 + |θ|2 diverges to ∞ for all paths γ : [0, 1) → ∆∗
accumulating at the origin. Though ω is defined only on the universal cover ∆˜∗ of
∆∗, |ω| is well-defined on ∆∗. Hence there exists µ ∈ [0, 1) such that
(3) ω(z) = zµωˆ(z) dz,
where ωˆ(z) is a holomorphic function on ∆∗. (We have not yet excluded the possi-
bility that ωˆ(z) has an essential singularity at z = 0.) We shall now prove that ωˆ(z)
has at most a pole there. For this purpose, we set ρ := θ/ω. Then the singular set
is characterized by {|ρ| = 1} (cf. [8, (2.6)]). We may assume |ρ| < 1 on ∆∗ without
loss of generality by exchanging roles of ω and θ (see [8, page 270]), if necessary,
because f is an immersion. Then we have that for any path γ accumulating at 0,
∞ = L(γ) =
∫
γ
√
|ω|2 + |θ|2 ≤
∫
γ
√
(1 + |ρ|2)|ω|2 ≤
√
2
∫
γ
|ω| ≤
√
2
∫
γ
|ωˆ(z)| |dz|.
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Then by the completeness lemma, ωˆ(z) has at most a pole. On the other hand, |ρ|
is well-defined on ∆∗ and |ρ| < 1 holds on ∆∗. Thus there exists a real number
ν ∈ [0, 1) such that ρ(z) = zν ρˆ(z), where ρˆ(z) is a holomorphic function on ∆∗
(that is, ρˆ(z) may have essential singularity at the origin). We have on ∆∗ that
1 > |z1−ν| > |z1−νρ(z)| = |zρˆ(z)|.
Then by the great Picard theorem, zρˆ(z) is meromorphic at the origin. Summing
up, ω and θ = ρω are meromorphic 1-forms on a neighborhood of the origin. Then
[8, (3.2)] yields that dτ2 has finite total curvature, and completeness follows from
[8, Theorem 3.3]. 
Remark 3. The assumption ‘conformal equivalency of the end to the unit punctured
disc’ in Proposition cannot be dropped. However, in other situations, this condition
might not be required. In fact, a flat front in R3 is complete if and only if it is
weakly complete and the singular set is compact (see [15, Corollary 4.7]). On the
other hand, a weakly complete immersion may not be complete in general. In fact,
we set
ds2 = du2 + 2 cosω(u, v) du dv + dv2
on (R2;u, v), where ω : R2 → (0, pi) is a C∞-function satisfying ∂2ω(u, v)/∂u∂v =
0. Then it is known that (cf [5] or [6]) there is a flat immersion f : R2 → S3 into the
unit sphere S3 such that ds2 is the first fundamental form and 2 sinω(u, v) du dv is
the second fundamental form. So if we set
ω(u, v) = arcsin
(
e−u
2
2
)
+ arcsin
(
e−v
2
2
)
,
there is an associated flat immersion of R2 into S3. In this case, the length of the
curve [0,∞) ∋ t 7→ (t,−t) ∈ R2 with respect to ds2 is finite, that is∫
∞
0
√
2
(
1− cosω(t,−t)) = ∫ ∞
0
2 sin
ω(t,−t)
2
dt =
∫
∞
0
exp
(−t2) dt <∞.
Since the sum of the first and the third fundamental forms is given by du2 + dv2,
the immersion f is weakly complete, but not complete.
Remark 4 (Improper affine spheres). Improper affine spheres in R3 are closely
related to flat surfaces in H3 (see [13] and also [4]). An improper affine sphere with
admissible singular points in the affine space R3 is called an improper affine map
(see [12]). Mart´ınez [12] defined completeness for improper affine maps and proved
an analogue of the Osserman inequality. Definition 1 is a generalization of this
completeness and completeness for wave fronts. An improper affine map is called
weakly complete if the metric dτ2 as in [12, (9)] is complete. Let Σ2 be a Riemann
surface and (F,G) a pair of holomorphic functions on Σ2 such that
(1) Re(F dG) is exact,
(2) |dF |2 + |dG|2 is positive definite.
Then the induced mapping f : Σ2 → R3 = C ×R given by
f :=
(
G+ F ,
|G|2 − |F |2
2
+ Re
(
GF − 2
∫
FdG
))
is an improper affine map with dτ2 = 2(|dF |2 + |dG|2). Conversely, any improper
affine map is given in this way. The following assertion holds:
An improper affine map in R3 is a wave front. Moreover, it is complete if and
only if it is weakly complete, the singular set is compact and all ends are conformally
equivalent to a punctured disk.
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In fact, ν :=
(
F¯ −G, 1) gives a Euclidean normal vector field along f (cf. [12,
(8)]), and one can easily verify that f is a wave front, that is, (f, [ν]) : Σ2 →
R
3 × P 2(R) gives an immersion if and only if (ii) holds. (Nakajo [16, Proposition
4.3] gave an alternative proof of this fact.)
To prove the second assertion, we use the same notations as in [12]. Let f :
Σ2 → R3 be a complete improper affine map. By [12, (9)], we have that
ds2 = |dF + dG|2 ≤ (|dF |+ |dG|)2
= |dF |2 + |dG|2 + 2|dF ||dG| ≤ 2(|dF |2 + |dG|2) = dτ2,
which implies the completeness of dτ2, that is, f is weakly complete. On the other
hand, by [12, Proposition 1], all ends of f are conformally equivalent to a punctured
disk.
Next, we show the converse. Let f : ∆∗ → R3 be an improper affine immersion
which is weakly complete at z = 0, and for which the end z = 0 is of punctured
type. Then the data (F,G) corresponding to f is a pair of holomorphic functions
on ∆∗, and the length L(γ) with respect to the metric dτ2 = 2(|dF |2 + |dG|2)
diverges to∞ for all paths γ : [0, 1)→ ∆∗ accumulating at the origin. Since f is an
immersion, |dF | 6= |dG| holds. So we may assume |dF | < |dG| holds on ∆∗ without
loss of generality. Then we have that
∞ = L(γ) =
√
2
∫
γ
√
|dF |2 + |dG|2 ≤ 2
∫
γ
|dG|.
Thus, by the completeness lemma, dG(z) has at most a pole at the origin. Since
|dF/dG| < 1, the great Picard theorem yields that dF (z)/dG(z) has at most a pole
at the origin. In particular, both dF and dG have at most a pole at the origin. Thus
dF (0)/dG(0) is well-defined, and satisfies |dF (0)/G(0)| ≤ 1. Since the singular set
{z ∈ ∆∗ ; |dF (z)/dG(z)| = 1} is empty, we have that |dF (0)/dG(0)| < 1. Then
there exists δ ∈ (0, 1) such that |dF (z)/dG(z)| < δ holds near z = 0, and
ds2 = |dG+ dF |2 = |dG|2
∣∣∣∣1 + dFdG
∣∣∣∣2 ≥ |dG|2(1− ∣∣∣∣dFdG
∣∣∣∣)2
≥ (1− δ)2|dG|2 ≥ (1 − δ)
2
2
(|dF |2 + |dG|2) ,
which proves the completeness of f .
2. Proof of Theorem
Now we give a proof of the theorem in the introduction. It is sufficient to show
the converse of [2, Proposition 1.1]. We use the same notations as in [2].
Let f : ∆∗ → S31 be a CMC-1 immersion which is weakly complete at the origin.
Since f is an immersion, the metric dσ2 given in [2, (1.15)] is a metric of constant
curvature −1 on ∆∗. By [2, Theorem 2.1 and Definition 3.2], f is g-regular. Also,
by [2, Corollary 3.1], f must be elliptic or parabolic.
Elliptic case. In this case, f is a g-regular elliptic end. Since the Schwarzian
derivative S(g) of the secondary Gauss map g is a projective connection of elliptic
type (see [2, Section 2]), g is written in the form (see [2, Proposition 2.2])
g = zµh(z),
where µ is a real number and h is a holomorphic function with h(0) 6= 0. If µ 6= 0,
then we can replace g by 1/g (see [2, Remark 1.9]), and so we may assume that
µ > 0. In particular, g(0) = 0 holds. On the other hand, if µ = 0, then |g(0)| 6= 1,
since the singular set {|g| = 1} does not accumulate at the origin. Then, replacing
g by 1/g if necessary (cf. [2, Remark 1.9]), we may assume |g|2 < 1 − ε on ∆∗ for
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sufficiently small ε > 0. When µ > 0, the inequality |g|2 < 1 − ε holds trivially.
Thus we have that
(4) dsˆ2 := (1 + |g|2)2|ω|2 ≤ 4|ω|2 ≤ 4
ε2
(1− |g|2)2|ω|2 = 4
ε2
ds2,
where (g, ω) is the Weierstrass data as in [2, (1.6)].
The weak completeness means the completeness of the metric ds2# as in (1).
(The metric ds2# coincides with the metric given in [2, (1.17)].) On the other hand,
the completeness of ds2# is equivalent to that of dsˆ
2 (see the last part of the proof
of [2, Proposition 1.1]). By (4), ds2 is complete at the origin.
Parabolic case. In this case, by [2, Lemma P], f is a g-regular parabolic end of
the first kind. In the proof of Theorem 3.2 in [2], completeness is not used, but what
is applied is the fact that the ends are immersed, g-regular and of punctured type.
So we can refer to all of equations in that proof. One can choose the secondary
Gauss map g as (see [2, (3.2)])
1
i
g(z) + 1
g(z)− 1 = gˆ(z) = i(h(z) + ε log z),
where ε = ±1 and h(z) is a holomorphic function on a sufficiently small neighbor-
hood of the origin. Then we have that
g(z) :=
gˆ(z)− i
gˆ(z) + i
, g′(z) =
2(zh′(z) + ε)
z(h(z) + ε log z + 1)2
,
(
′ =
d
dz
)
.
Since zh′(z) + ε is bounded on a neighborhood of the origin and
(5)
|(h(z) + ε log z + 1)|
| log z| → 1
as z → 0, there exists a positive constant c1 such that
(6) |g′| ≤ c1|z| |log z|2 .
On the other hand, by (5) we have that
(7) |g(z)| =
∣∣∣∣h(z) + ε log z − 1h(z) + ε log z + 1
∣∣∣∣→ 1 (z → 0).
Moreover, since
1− |g|2 = 4(Reh+ ε log |z|)| log z + ε(h+ 1)|2 ,
it can be easily checked that there is a constant c2 such that
(8)
c2
| log z| ≤ |1− |g|
2|.
Since ds2 = (1− |g|2)2|Q/dg|2, (6) yields that there is a constant c′2(> 0) such that
(9) |z|2| log z|2
∣∣∣∣ Qdz
∣∣∣∣2 ≤ c′2ds2,
where Q = ω dg is the Hopf differential (cf. [2, (1.8)]). Then, there exist positive
constants c3 and c
′
3 such that
(10) dsˆ2 := (1 + |g|2)2|ω|2 ≤ c3
∣∣∣∣ Qdg
∣∣∣∣2 ≤ c′3 |log z|4 ∣∣∣∣ Qdz
∣∣∣∣2 .
We recall the following inequality shown on [2, Appendix A]
(11) ds2 ≤ c0|Q/dz|2,
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which holds for g-regular parabolic ends of the first kind, where c0 is a positive
constant. By (8), (9) (10) and (11), we have that
dsˆ2 ≤ c′3 |log z|4
∣∣∣∣ Qdz
∣∣∣∣2 ≤ c′3c′2 |log z|2|z|2 ds2 ≤ c′3c′2c0 |log z|
2
|z|2
∣∣∣∣ Qdz
∣∣∣∣2
≤ c
′
3(c
′
2)
2c0
|z|4 ds
2 ≤ c′3(c′2c0)2
∣∣∣∣ Qz2dz
∣∣∣∣2 .
Again, by the equivalency of completeness of the two metrics ds2# and dsˆ
2, the
weak completeness implies the completeness of dsˆ2. In particular, |Q/(z2dz)|2 is a
complete metric at the origin. Then by the completeness lemma, Q/(z2dz) (and so
Q) has at most a pole at z = 0. We denote by ord0Q the order of Q at the origin.
For example, ord0Q = m if Q = z
m dz2.
Firstly, we consider the case that z = 0 is not a regular end. Then the hyperbolic
Gauss map G(z) of f has an essential singular point at z = 0 and the Schwarzian
derivative S(G) has pole of order < −2. Since f is g-regular, S(g) is of order −2
(see [2, Definition 3.2]), so the identity 2Q = S(g) − S(G) (cf. [2, (1.20)]) implies
ord0Q ≤ −3. On the other hand, if z = 0 is a regular end, then ord0Q = −2 by [2,
Lemma 5.1]. Thus, the Hopf differential of f satisfies ord0Q ≤ −2. In particular,
there exists a constant c4 > 0 such that
|Q| ≥ c4|dz|
2
r2
(r := |z|)
holds on ∆∗. By [2, (3.4)], we have that
dσ2 :=
4 |dg|2
(1− |g|2)2 ≤
C2|dz|2
r2(c+ log r)2
,
where C and c are positive constants. Thus there exists a constant c5 > 0 such
that (cf. [2, (1.15) and (1.16)])
ds2 = 4
|Q|2
dσ2
≥ 4(c5)2r2|Q|2(c+ log r)2 ≥ 4(c4c5)2 (c+ log r)
2
r2
|dz|2.
Since |dz| ≥ dr and ∫ t
1
(c+ log r)
r
dr =
(log t)2
2
+ c log t
diverges to ∞ as t → 0, the metric ds2 is complete at z = 0, which proves the
assertion.
Remark 5. Related to the above proof of our main theorem, we leave here the
following:
Question. Let ω(z) be a holomorphic 1-form on ∆∗ and n a non-negative integer.
Suppose that the integral ∫
γ
|ω(z)(log z)n|
diverges to ∞ for all C∞-paths γ : [0, 1) → ∆∗ accumulating at the origin z = 0.
Then does ω(z) have at most a pole at the origin?
When n = 0, this question reduces to the original lemma. If the answer is
affirmative, one can obtain the meromorphicity of the Hopf differentialQ directly by
applying it to equation (10), since the weak completeness implies the completeness
of the metric dsˆ2. The proof of the completeness lemma given in [18] cannot be
modified directly, since the estimate of Im(log z) along a path γ seems difficult.
Fortunately, in our situation, we have succeeded to prove our main result without
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applying the statement, because of (11). It should be remarked that this key
inequality (11) itself comes from the Gauss equation of the surface.
Remark 6 (Spacelike maximal surfaces in R31). It is known that CMC-1 surfaces
in S31 have a quite similar properties to spacelike maximal surfaces in the Lorentz-
Minkowski space R31 of dimension 3 with the metric of signature (−,+,+). We
consider a fibration
pL : C
3 ∋ (ζ1, ζ2, ζ3) 7−→ Re (−√−1ζ3, ζ1, ζ2) ∈ R31.
The projection of null holomorphic immersions into R31 by pL gives spacelike max-
imal surfaces with singularities, called maxfaces (see [20] for details). Here a holo-
morphic map F = (F1, F2, F3) : Σ
2 → C3 defined on a Riemann surface Σ2 is called
null if (F ′1)
2 + (F ′2)
2 + (F ′3)
2 vanishes identically, where ′ = d/dz denotes the de-
rivative with respect to a local complex coordinate z of Σ2. The completeness and
the weak completeness for maxfaces are defined in [20]. As in the case of CMC-1
faces in S31 , completeness implies weak completeness, however, the converse is not
true. For complete maxfaces, we have an analogue of the Osserman inequality (cf.
[20]). On the other hand, recently, the existence of many weakly complete bounded
maxfaces in R31 has been shown, and such surfaces cannot be complete (see [11]).
We can prove the following assertion by applying the completeness lemma:
A maxface in R31 is complete if and only if it is weakly complete, the singular set
is compact and all ends are conformally equivalent to a punctured disk.
The proof of this assertion is easier than the case of CMC-1 faces in S31 . The
‘only if’ part has been proved in [20, Corollary 4.8], since finiteness of total cur-
vature implies that all ends are conformally equivalent to a punctured disk. So
it is sufficient to show the converse. The notations are the same as in [20]. Let
f : ∆∗ → R31 be a spacelike maximal immersion which is weakly complete at z = 0,
namely, the length L(γ) with respect to the metric dσ2 = (1 + |g|2)2|ω|2 given in
[20, Definition 2.7] diverges to ∞ for all paths γ : [0, 1)→ ∆∗ accumulating at the
origin. Since f is an immersion, we may assume that |g(z)| 6= 1 for all z ∈ ∆∗. In
particular, the image g(∆∗) has infinitely many exceptional values. Then by the
great Picard theorem, g has at most a pole at the origin. Without loss of generality,
we may assume that g(0) ∈ C. Then there exists M > 0 such that |g(z)| < M for
z ∈ ∆∗. Thus we have that
∞ = L(γ) =
∫
γ
dσ ≤ (1 +M2)
∫
γ
|ω|.
By the completeness lemma, ω has at most a pole at the origin. Since the Weier-
strass data (g, ω) has at most a pole at the origin, dσ2 has finite total curvature.
Then completeness follows from [20, Corollary 4.8].
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